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Perturbation of a Discontinuous Transonic Flow

v David Nixon*
NASA Ames Research Center, Moffett Field, Calif.

The main difficulty in perturbing a discontinuous transonic flow is in the representation of the shift in the
location of the discontinuity (shock wave). Herein presented is a method of overcoming this difficulty by using a
distorted airfoil as the initial case rather than the real physical airfoil; the distortion is chosen such that the shock
lecation is unchanged by the perturbation, The distorted airfoil is obtained by the use of a strained coordinate
system. A direct consequence of the theory is the derivation of an algebraic similarity relation between related
airfoils with shock waves at different locations. Results for simpie examples are shown.

Introduction

N important problem in aerodynamics is the accurate

prediction of the pressures on an airfoil that 1s oscillating
with small amplitude in a transonic flow; this prediction is
necessary for the satisfactory estimation of - flutter
parameters. An important physical feature of such flows can
be the presence of an oscillating shock wave, which should be
accurately represented in any solution procedure because of
the relatively large pressure fluctuations in the region
bounded by the extremities of the shock motion. It is
therefore desirable to represent the shock wave by the correct
discontinuity rather than by the rapid compression exhibited
by the commonly used ‘‘shock capture’” finite-difference
methods. ! Such a discontinuous representation of the shock
can be obtained in steady flow by using either a finite-
difference method with shock fitting,? or by the integral
equation method.® The shock fitting technique has recently
been applicd® to unsteady flows. The present work is
uliimately directed toward the development of a method of
treating oscillating shock waves mainly through the integral
equation approach.

In the limit of zero frequency, the problem of computing
the flow around an oscillating airfoil reduces to a steady
perturbation problem with the airfoil geometry perturbed by
an amount proportional to the amplitude of the oscillation.
The feature of a shock increment is retained in this problem
since it is unlikely that the perturbed airfoil will have a shock
wave in the same location as the imtial airfoil. The steady
perturbation case is therefore a good starting point for
deriving a fundamental approach for computing oscillatory
flows, and it is this problem that is considered in this paper. In
addition, a perturbation solution is useful in other ways; for
example, when the flow over a given airfoi! for a range of
freestream Mach numbers is required, since once one
nonlinear result is obtained, the other required results can be

_ obtained from the linear perturbation solution,

As suggested earlier, the main difficulty in perturbing a
discontinuous transonic flow is in the representation of the
shift in the position of the discontinuity (shock wave}, because
for most small perturbations the physical aspects of the flow
require that there be the same number of shock waves in both
the initial and perturbed states but at different locations. An
examination of the usual form for a perturbation solution
indicates that this physical feature cannot be correctly
represented except in the trivial case where no shock
movement occurs., In the method herein presented, the
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representation of the shock movement is accomplished by
artificially inducing this special case of zero shock movement
by using a distorted airfoil, rather than the real airfoil, as the
initial case. The degree of distortion, which is a function of
the magnitude of the shock shift, is found as part of the
perturbation solution. The distorted airfoil is obtained by the
use of a strained coordinate system in which the straining is
such that the shock locations are unchanged by the per-
turbation. :

Only the nonlifting steady flow around an airfoil is con-
sidered here in order to establish the fundamental aspects of
the theory, although the method can be applied to lifting and
oscillatory problems. Applications of the method to such
problems have recently been made and will be reported in
future papers. The formulation uses the basic approach of the
transonic integral equation method,? since the analytic steps
involved give a greater physical insight than the purely
numeric finite-difference approach. A direct consequence of
the use of the integral equation method is the derivation of an
explicit formula for the magnitude of the shock movement.
The present method has been applied to a simple test case and
the resulis are satisfactory.

Because the perturbation quantities are linearly dependent
on the magnitude of the perturbation, a simple algebraic

- relation exists between the flow variables for two given cases

and any other related case. For example, if the solutions of an
initial flow and a flow perturbed by a small change in
freestream Mach number are known, then a range of
solutions for different freestream Mach numbers can be
obtained from the two known solutions by using a simple
algebraic relation, thus removing the need for lengthy.
computations. Results of the satisfactory application of this
similarity rule to the flow around a parabolic-arc airfoil for a
range of freestream Mach numbers are given.

Basic Equations for a2 Nonlifting Airfoil

In a Cartesian coordinate system (X,Z), with the origin at
the leading edge of the airfoil and the X axis in the freestream
direction, the transonic small-disturbance equation for a
freestream Mach number M can be written as

ot b =12(0,7), (L
where, if 8=(1 ~M?2 )",y is the ratio of specific heats, and
k=k{vy,M.) is a transonic similarity parameter, then ¢ is
related to the perturbation velocity potential ¢ by

#(x,2)=({k/B?)d(%,D)
and the coordinate system (x,z) is related to (X,7) by

X=X, Z=f2 (2)

In this transformed space, the perturbation velocities (&, w) in
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the x and z directions, respectively, are related to the physical
perturbation velocities (i, w) by

== ' (3a)

ll:aj( [)’2 BZ{T)}

_0e_k kO |
TR ez .G8)

The boundary conditions are that a) the flow at the airfoil
surface is tangential to the airfoil surface, and b) the velocity
is finite an infinite distance from the airfoil. If the equations
of the upper and lower surfaces of a symmetric airfoil arc
denoted by Z=+Z7, (X), respectively, then the tangency
boundary condition in the transformed coordinate system
{x,z} can be written as

wix, £2, ()] = £ Z, (1) (1 + (B2 /k)ulx, £2,(0)]) @)

where
2, (x) =B (%), Z,(x)=(k/BZ,(®) - (5)

For thick airfoils, the tangency boundary condition on the
airfoil surface, Eq. (4), can be replaced by an equivalent
boundary condition on the airfoil chord line, z= +0, by using
the idea of an anaiytic continuation® of the external flow
inside the airfoil. This is obtained by using a Taylor series to

expand w(x, £z,) to the chord line. Thus, on using Eq. (1),

Eg. (4) gives, to second  order in magnitude of the
thickness/chord ratio of the airfoil,

wix, £0Y=xZ, {x} I+ (B2 /k)ulx, £z, ()1}

+2,(x) (3/9x) Lulx, £2,(x)] - Y’ [x, 27, (x)}} (6)

This analytic continuation device is necessary if the integral.

equation method? is to be used in its commonly derived form

in which the boundary conditions are required on the chord

iine rather than on the airfoil surface. '
The weak shock jump relations for Eq. (1) are

2

0.~ 2] +uanoto1: =0, 101 =0 )
where [ ] denotes a jump across a shock wave,.and 8. is the
angle the shock makes with the z axis. If the shock wave can
be assumed normal to the freestream, then

The problem under consideration is the calculation of the
effect of a small change in the boundary term w(x, £0), Eq.
(6), on the pressure distribution. Since both the airfoil
geometry and the freestream Mach number appear only
through the expression for wi{x, +£0) a small change in
~w(x, £0) can be either a perturbation in geometry or in M.
If the value of w(x, £0) for the initial airfoil is denoted by
+w,(x), then the tangency boundary condition for the
perturbed airfoil can be written as

wix, £0) = £ w,(x) xew, (x) (9

where w, (x) is some perturbation function, and e denotes the
magniiude of the perturbation. The perturbation problem
may therefore be defined as obtaining the solution of Eq. (1)
subject to the boundary condition Eq. (9), assuming that the
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solution of Eq. (1) subject to the boundary condition
wix, 20) =2 wy{x) . 10y
is known.

_ - Fundamental Principles
Let it be assumed that the velocity potential ¢ (x,z) can be

- expanded in the usual form of a perturbation series

¢ (x,2) =¢ (6,2) +ed, (%,2) +...¢"d, (x,2) +... an

where ¢ is a measure of the magnitude of the perturbation and
¢, (x,z) is defined as the solution of Eq. (1) subject to the
boundary condition Eq. (i0). Differentiation of Eq. (11) with
respect to x gives

u(x,z2)y =upg(x,2) +eu; (x,z) +..."u, (x,2) +... {12)
where
y (x,2) = 220152 )
ox

The infinite number of terms in the series Egs. {(11) and (12) is
necessary because of the nonlinearity of the basic equation,
Eq. (1). :

In the subsequent analysis, the following definitions are
valid. The “nth term”’ of the perturbation expansions, Egs.
(11) and (12), is defined as the coefficient of ¢”. Thus, for
example, the first term in Eq. (12) is &, (x,z). The “‘solution
to nth order”’ is defined as the sum of the first n terms of the
perturbation series, Egs. (11) and (12). Thus, for example, the
solution to first order is

u{x,2) =uy(x,2) +eu; (x,2) (14)

In order to simplify the analysis, only the solution to first
order is considered in the following discussion, although the
fundamental concepts are applicable to solutions of any
order. -

The physical description of the flow is assumed to be as
follows. If the initial flow has a single shock wave, say, then
the perturbed flow has a single shock wave but at a different
location; that is, it is assumed that shock waves are not
created or destroyed during the perturbation of the boundary
conditions. Thus, the following statement can be regarded as
a fairly general proposition.

Condition A. If the initial solution contains a certain
number, N, shock waves, then the solution to nth order (for
any #n) must contain the same number N, of shock waves. In
addition, since the solution to nth order consists of # terms,
the following condition must be satisfied.

Condition B. Each term must,.in general, contain at most N
discontinuities, and each of these discontinuities must
coincide with one.of the discontinuities in the perturbed
solution. : _

if, in Eq. (14), uy(x,z) is the initial solution with a shock
wave at X, say, and if the perturbed solution has a shock
wave at x,, then it may be seen that, unless x,, =x, the
solution to first order given by Eq. (14) does.not satisfy
condition B. Furthermore, since the first term, u, (x,z), may
itself have a discontinuity at x,, say, where, in general,
X, #X#X,,, Bq. (14) does not satisfy condition A. The
conditions A and B are only satisfied if the shock location
remains unchanged throughout the perturbation; that is, if

Xsi ﬁxxo =Xsp (15)
For a general airfoil, Eq. (15) is not satisfied. Suppose,

however, that, instead of using the physical airfoil as the basis
for the perturbation, a distorted airfoil is used. In this case, if
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the new perturbation (which now has a component to account
for the airfoil distortion in addition to the physical com-
ponent) is such that the shock location does not change, then
conditions A and B are satisfied. The necessary degree of
.distortion can be found as part of the perturbation solution.

. The simplest way.of obtaining the distorted airfoil is to
distort the coordinate system such that the solution for the
physical initial airfoil still holds, with a discontinuity at x;
say, but in the distorted coordinate system. Successive terms
in the expansion Eq. (12) have a discontinuity at x, and also in
the distorted coordinate system. The distorted coordinate
system is found as part of the solution. The problem is
simplified if all shock waves are assumed normal to the
freestream, since, in this case, only the sireamwise coordinate
x need be distorted.

if the number of shock waves in the flow is considered as
the order of singularity of the solution, then the present
approach can be partially considered as a variant on the PLK
"method® of strained coordinates in which the straining is
determined such that the inclusion of higher-order terms in
the perturbation series expansion must not increase the order
of the singularity, which, in this case, is the number of shock
‘waves in the flow, This is condition A. Condition B is an
additional requirement that the singularities (shock waves)
must also have a specified location.

Anaiysis

It is assumed in the present analysis that the shock waves
are normal to the freestream, which is not an inaccurate
assumption for most transonic flow. Hence, the distortion of
the coordinate system need only concern the streamwise
variable x. It is further assumed, for simplicity of presen-
tation, that there is only one shock wave on each surface of
the symmetric airfoil.

The basic requirement for the strained coordinate system is
that the shock location be unchanged by the perturbation.
Because of the possibility of introducing singularities into the
solution, a second requirement is that the physical and
distorted coordinate systems must coincide at the leading and
trailing edges of the airfoil and that the straining term must
vanish like x as x—0.

Let the strained coordinate x be defined by the series

x=x"+ex; {(x"}+... (16}

where ¢ is the order of magnitude of the perturbation. The
choice of the straining function is fairly arbitrary, provided
the foregoing requirements are met. A suitable simple
straining function is

x' {}—-x’ )

X {x'y=éx.X,{x")=bx,—————; O=x'</! (17a)
x(I-x{)"

X, (xYy=x,{x")Y=0, x'>1, x' <0 {17b)

where edx, is the magnitude of the shock shift and x/ is the
shock location in the strained coordinate system (x’,z

If Ea. (1) is transformed to the variables (x’,z) where x’ is
given by Eq. (16), and ¢ is expanded in the series

O(x,z) =0, (x",2) +ep,; (x",2)+...¢"d,{x",2} (18)

then on cquating coefficients of ¢”, the first two equations of
the serics are

bt O =1(b5 ) (19a)
¢’/\,\. +¢/:: = (@5(;,‘.‘?5/‘. bt [X/\., (x’) (¢o\,, —057);\. e
X XY Dy — V205D {203}
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The appropriate boundary conditions are obtained from Egs.
(9) and (16); thus,

by (X', £0) = 2wy (x") {195}

¢, (', x0) = 2w, (") xx, (x)wy_ (x")  {20b)

where the functional form of w,(x) is given by Eg. {6). in-
cidentally, it is the second term on the right-hand side of Eq.
(20b) that necessitates the requirement that x, (x" ) —xas x—§ ~
to avoid any introduction or compounding of singularities in
the first-order boundary condition Eq. {20b}.

The normal shock jump conditions for Eas. (19a) and {20a)
arc

3 1+
[‘150, — 2 ] =0, I¢,]7 =0 {2ia}
X 2 b
and
i¢/\., _¢/\,,¢u‘_. —X. {(x") (97-"()\., —¢>5\., Yo=0, l9,iI =0
(21ib}

respectively,

It can be scen that the system defined by Eq. (19} is identical
to that defined by Eqgs. (1) and (6), except that x is replaced by
x’. Hence, the solution to Egs. (1} and (6) in the coordinates
(x,z) is identical to the solution of Eq. (19) in the coordinates
(x",2).

Equations (19) and {20) can be solved using the transonic
integral equation method.? If the same general approach
given in Ref. 3 is followed, Eqs. (17} and (212} can be written
in integral form to give

, Uy’ (x',2)
Ug{x',2) ———

—1/0(—’& )*‘110(" 2TX0) (22

o]

where u,(x’,z) is defined by Eq. (13},

Iph w8y (x’ —5)
'Y= — ———— (23}
T1p(X72) rgu (x' —§)y°+2? (=3
and
/'/ =l , ‘(/5&) o~
1, (x 'Z'X\):*Zﬂ'—& L\m%,g(.x o2 Grdr 24
where
Y(xLELD = Ylllx ~£) T+ (2— ) 7] {25}
The integral over the domain $is defined as
o .\"75\/ oo A0 \
\ f Fdf dg =lim H (S de\ Fd)dg
P TRl - —
n ~0)
S ) (S d*+ ng')déf
X +61
poo po :
) (s Fdt ng‘)dé} 26)
\ +éy J ~oo

It is shown in Ref. 3 that, in order to insure that the ac-
celeration is finite everywhere except across the shock, Eq.
(22) must be solved subject to the conditions

UL/) (x',2) +1T{l (X',Z’,,X")}\,v:‘_‘;/(:) =1 (27aj

{1,0()(’.;')+IT”(X’,z,x;)}! =0 . 2m

ax’ v =xpls)
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where x" =x}(z) is the sonic line u, (x’,z) = 1, Equations (27)
are sufficient to give the shock location x! and the sonic line
x}{z}. Details of the numerical solution of Egs. (22) and (27)
are given in Ref. 3.

A similar analysis can be applied to Eq. (19), which, after
some manipulation, results in the following integral equation:

L H —ug (. =1 (x7,2) + 17, (%7,2.X)
+éx. 0, (x",2,x]) (28)
where u,(x’.2), u,{x’,z) are defined by Eq. (13),

! \'I w, () (' =6
0

i, (x’ = -
0 (X2 T x'—E)2+7?

dg | @9

-1
Iz = || e (850 (B0 (8,0) ded
30
and

S R E W (D) (=)

+¥; . (x") [214(,()(’,2) —gu(f (x’,z)]
+ 5;,3 SS {’f/.\;'s (x’,E:5.0) [2“0(5 o uo 2 (¢, g)]x,g(&)

e D [ 60 - S (60 [0, ) Jdsar)

(30

where X, (x") is given by Eq. (17), and the definition of the
field integral over § is given by Eq. (26). Note that the term

I{x",z,x/) consists of known functions, provided the .

solution of the initial problem, Eqgs. (22) and (27),.is known,
It can be seen that Eq. (28) will give an infinite value for
u,(x',z) whenu,(x’,z) =1, unless

I, (X2 +17,(x7,2,x])
6)&} —— [ L/( } T/( Fap. ¢ ) ] i (32)
X' =xptz)

IA[(X/,Z,,X;)

This, then, gives the magnitude of the straining term
d8x.X, {x"); the shock shift, ebx,, is also found from Eq. (32).
It may also be shown that, with éx; given by Eq. (32), the
solution of Eq. (28) also has finite values of u, . (x',2)
everywhere. Equation (32) fulfills a function for the per-
turbation problem similar to that which Eq. (27) fulfills for
the initial problem, in that it provides the additional in-
formation to obtain a physically realistic solution when shock
waves are present.

Note: if there are N shock waves, x,. (1—1 .N) in the flow,
then Egs. (27) and (32) are applied at "the N “accelerating”’
sonic lines to give the required number of equations for the
Y, 8X. '

The integral equation, Eq. (28), with Eqg. (32), can be solved
iteratively or directly since the cquation is lincar in the
unknown u, (x’,z). When u; (x’,z) is known, then it may be
shown, by using Egs. (14) and (16), that the total velocity
ur(x,z) in the transformed variables Egs. (2) and (3) around
the physical, perturbed airfoil is given by

Ur(x,zy=u,{x",z){1 Aeéx\.f,_\_, (x" Y +eu,(x',z) (33)
and

Xx=x"+edx, X, {x") (34)
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where (x,z) is the physical coordinate system and X, {x') is
given by Eq. (17). The velocity distribution #;(x,z) has a
discontinuity at x=x;+edx,. With the velocity distribution
determined, the corresponding pressure distribution is casily
found.

Similarity

1t can be seen that the basic equations, Eqgs. (28) and (32),
for the perturbation quantities v, {x’,z), éx, do not contain
the perturbation scaling factor ¢, which represents the
magnitude of the periurbation, Hence, once Eqgs. (28) and (32)
have been solved for a given perturbation function w, (x},
then the solution for any magnitude of the perturbation e is
obtained by multiplying the perturbation quantities 1, (x',z),
dx, by e. The total velocity distribution, which is dependent on
€, is then found from Egs. (33) and (34). A consequence of the
linear dependence of u, {x’,z), dx, on ¢ for a given w, (x) is
that the dimensioned perturbation velocity eu, (x’,z) and the
dimensioned shock shift ebx, satisfy the equations .

[(ul (x JI?) —6(_7) _ (E(SXS)(Q) (‘%5)
feu, (x7 «_)]‘“ Ceth T (ebx,) D }

where the superscripts (1), (2) denote values for two different
magnitudes of the perturbation ¢ (7, ¢ respectively. Thus,
if the dimensional perturbation quantites [ew, (x’,z)]!?,
(ebx.} ") are known, then the corresponding values
few; (x",2)1'%, (ebx,}? can be found from Eq. (35). The
total velocity for case (2) is then given by

(2)
3-2’ (6, 2) =uy(x’ ,Q)[Iw (edx, )‘“E % (X )]

+feu, (x7, 23310 (36)

and
(2

x=x"+ (ebx,y V x,(;\ ] - 37

If, in the physical system (x,z), two neighboring related
solutions & '? {x,z), ¥ (x,z) for a given w,(x), e "Tw, (x)
are known from direct calculations, for example, by the
integral equation method? or a finite-difference method,'
then the change in shock location between these two- cases,
{ebx,) ¥, is easily found, and the function [ew, {x",z}}" is
given by

few, (x,2)] =D (x,2) —u'® (x,2)[1 - (ebx,) D%, ()]
(38)

where
xU =x+ (ebx,) X, (x) 39)

With (ebx,) 7, lew,; (x,2)]11" determined, then the value of
(edx,) D, feu; (x,2)1"? can be found from the algebraic
relation Eq. (35), and the total velocity is found from the
algebraic relations Eqgs. (36) and (37).

A common example of this type of problem occurs when
w; (x) =w,(x), and ¢ is related to a change in freestream
Mach number, M_,. Thus, if the results for a given airfoil are
known at any two values of M_, then, provided the number
of shock waves in the flow is unchanged by the perturbation,
the result for any other M_ can be obtained from the
algebraic relations, Eqs. (33-39).

Results

The pressure distribution around a perturbed airfoil was
computed by using both the extended integral equation
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INITIAL VALUE
— ——~= PERTURBED VALUE

F ix,0}

_— INITIAL AIRFOIL
—~~ _~PERTURBED AIRFOIL

Fig. 1 Variatien of /; (x,0) for initial and perturbed airfoils at
M, =0.8.

INFTEAL SOLUTION
— ~— PERTURBED SOLUTION (INTEGRAL METHOD) > M_ =08
o] PERTURBED SOLUTION (PRESENT THEORY)

Coix,0

5 I i I 1 }
0 2 4 8 2 1.0

Fig. 2 Pressure distribution arcund initial and perturbed airfoils at
M, =0.8.

method® and the perturbation method outlined. The
geometries of the initial and perturbed airfoils arc shown in
Fig. 1, where the line integral 7;,(x’,0), defined by Eq. (23},
is also shown for both initial and perturbed airfoils. Both
initial and perturbed airfoils are derived from a NACA 0012
section. The freestream Mach number is 0.8.

in these calculations, the form of the similarity parameter
k{v, M) is k(vwM_ y=(v+DMI?, and the exact
pressure/velocity - relation is used. The field integral
I (x’,z,x)) in Eq. (28) is evaluated by using an accurate
decay function to approximate the transverse variation of
uy{x’,z)y in terms of the surface value u,(x’,0). Equation
{28} then reduces to an equation for u,{x’,0). Since the

perturbation is small and since the chosen decay function is -

known to be accurate, no great error should result in the
overall solution because of this approximation.

The results of the calculation are shown in Fig. 2, and it
may be seen that the pressure distribution calculated by the
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e FANITE DIFFERENCE SOLUTION
————— BASE SOLUTION
o] SIMILARITY SOLUTION

12 M., = 0.858
-8
LA M, = 0.848
o b
Cp
4l 5 M, - 0.838
-8
\ =
el | M. 0878
ok
al

Fig. 3 Estimation of pressure distribution around a 10% parabelic-
arc airfoil for several Mach numbers using the similarity relation.

perturbation method is in excellent agreement with that
calculated by theextended integral equation method. In Fig. 3
are shown some results for a 10% parabolic-are airfoil
calculated over a range of freestrcam Mach numbers by the
similarity relation. In these calculations, the usual thin-airfoil
boundary conditions are used, that is, all nonlinear terms in
Eq. (9) are neglected. Also, w, (x) =w,(x) =Z_,! (x), and e is
a measure of the change in M. The transonic parameter
k(~v,M_ ) used in these calculations is kK (v, M, ) = (y+ )M,
and the linear pressurc/velocity -relation is used, that is
C,(x,00)= —2u(x,0). The ‘“‘base’ results for M, =0.828,
0.838 and the results for comparison are calculated by using a
shock-capturing finite-difference method. It can be seen that
the pressure distribution computed by using the similarity
relation agrees surprisingly well with the direct calculations.

Concluding Remarks

A method of perturbing discontinuous transonic flows has
been developed by using the device of a strained coordinate
system. The equation for the perturbation quantities is linear
and can be easily solved. Although only nonlifting steady
flows are treated in this paper, there is no fundamental ob-
stacle to extending the theory to lifting flows, whether steady
or oscillatory, provided shock waves arc not generated or
destroyed during the motion. Results for such flows have
recently been obtained and will be reported in the near future.

A dircct consequence of the present theory is the derivation
of a similarity relation between discontinuous transonic
flows, by means of which, the velocity distributions around
similar airfoils with shock waves in differing locations are
related by simple algebraic formulas.

Calculations have been performed for both the per-
turbation method and the similarity relation. These results
compare satisfactorily with the results of accurate direct
methods.
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THERMOPHYSICS OF SPACECRAFT
AND OUTER PLANET ENTRY PROBES—v. 56

Edited by Allie M. Smith, ARO Inc., Arnold Air Force Station, Tennessee

Stimulated by the ever-advancing challenge of space technology in the past 20 years, the science of thermophysics has grown
dramatically in content and technical sophistication. The practical goals are to solve problems of heat transfer and tem-
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